Relativistic corrections, Born-Oppenheimer energies and adiabatic corrections are computed for R < 12.0 bohr for the electronic ground state of the hydrogen molecule. The Born-Oppenheimer potential is slightly lower than ever reported. The problem of linear dependencies in the basis set is removed and the same set is used for all internuclear distances which assures continuity of the results. The radiative corrections are evaluated approximately and-for that purpose-the polarizability of the molecule is also computed. Vibrational energies are computed andcorrected for nonadiabatic effects-compared with experiment for several isotopes. It is argued on the basis of the remaining discrepancies that an improvement in the ab initio nonadiabatic corrections is necessary.
I. INTRODUCTION
This work was undertaken in order to evaluate the relativistic corrections to the ground state potential energy curve of the hydrogen molecule with an accuracy comparable with that of the Born-Oppenheimer energies and in a wide range of internuclear distances. New results for these corrections are desirable both from the aesthetic and practical points of view. The existing results for the relativistic corrections,' used in most comparisons of theoretical and experimental energies of the molecule (see e.g., Refs. 2 and 3 ) , were calculated almost thirty years ago. The wave function employed then was not suitable for larger internuclear distances and the corrections were computed only for internuclear distances R < 3.7 a.u. and with an accuracy deteriorating with increasing R. Such a situation is certainly very unsatisfactory from the theoretical point of view and there is a demand for new, more reliable results.
The general outline of the computations is given in Sec. III A and more technical details in the appendices.
For the hydrogen molecule the lowest order relativistic corrections to the binding energy' are not much larger than the lowest order radiative corrections.4 Therefore, for consistency, the latter must also be included in the theoretical energies. They can be estimated fairly accurately4J5 on the basis of the relativistic corrections, if some additional information is available. To get this information it is necessa$ to compute the adiabatic corrections and also the polarizabilities.
Finally, to compute all the corrections accurately one needs an electronic wave function that is both flexible and continuous with respect to the internuclear distance. In an attempt to find such a function, using the results of Ref. 3, we have constructed an algorithm that is free of discontinuities because the same basis set is used for all intemuclear distances. The construction and the results of the Born-Oppenheimer computations are described in the subsequent section.
Atomic units are used throughout unless otherwise stated. When wave numbers are used the conversion factor is 1 hartree=219 474.631 cm-'.
II. THE BORN-OPPENHEIMER ELECTRONIC ENERGIES AND WAVE FUNCTIONS
The general form of the wave function used in this work is that developed in Ref. 6, i.e ., the function is assumed in the form of an expansion in elliptic coordinates of the two electrons denoted below by 1 and 2:
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Xew(-Prll-h)l, (3) cj,qj are the elliptic coordinates of the two electrons, p=-2rl,/R, r12 is the interelectronic distance and ci, o, c??, fl, p are variational parameters. Thus the basis set is defined by the set of exponents vi, ri, Sip 5, q.
The best energies and wave functions of the ground state published so far are those obtained by Kolos et aL3 who used a 249 term expansion of the form Eq. ( 1) , with carefully selected terms, for 0.2 a.u. < R < 4.8 a.u. and a 72 term expansion for 4.8 < R < 12.0. The shorter, 72 term basis contains 30 terms that are not present in the 249 term basis. This results in a slight discontinuity in the vicinity of R =4.8. To avoid this it is only natural to combine the two sets and diagonalize the Hamiltonian for all internuclear distances in the space spanned by the N=279 basis functions. However because of finite computer precision the dimension of the space spanned by the N function isfrom the numerical point of view -less than N and therefore the attempt made in Ref. 3 to use the augmented set failed because of numerical instabilities.
The policy adopted in this work is to use the whole space spanned by the 279 functions of Ref. 3 , determine at each internuclear distance its dimension, k(R), and then solve the eigenvalue problem in an orthonormal basis. This goal can be achieved via a singular value decomposition (see, e.g., Ref. 7) of the overlap matrix S with elements sik=(Gil G/c)* (4) The decomposition is S=UDUT (5) where D is a diagonal matrix formed by the eigenvalues Dj of S and U is an orthogonal matrix whose columns are the eigenvectors of S. In the following we will assume that the Dj are arranged in a descending order.
If the basis is almost linearly dependent a threshold, E, must be introduced' and the dimension of the space, k, is defined as the number of eigenvalues, Dj, satisfying Dj > E. The orthonormal basis is Fs=( l/ @s) 2 Giuis, s= l,.Y,k
i=l with Vi* being matrix elements of U.
Thus for each internuclear distance we perform the singular value decomposition Eq. (5), determine the dimension of the space k(R) and construct a Hamiltonian matrix, II, in the orthonormal basis Eq. (6). The final eigenvalue problem Ha=Ea (7) can be solved by any standard library routine to yield the desired eigenvalue and the corresponding eigenfunction Y= C Us. The concrete value of the parameter E depends somewhat on the problem and certainly on the accuracy of the numerical integration of the matrix elements of S and H. In this work the integrals were evaluated very accurately by the method described in Ref. 8 . Previous experience has shown that too small an E can result in a spurious eigenvalue of Eq. (7)-below the correct lowest eigenvalue. Therefore in the program a test for the spurious eigenvalue is performed. When a spurious eigenvalue occurs E is multiplied by 4, the dimension of the problem reduced accordingly, and the Hamiltonian diagonalized again. This process is repeated until the spurious eigenvalue disappears.
For the ground state computations this test was superfluous and all diagonalizations with E = lo-l2 were successful. Test computations performed with E = lo-" resulted in energies that were higher by amounts less than 0.001 cm-'.
The 3 is made and we list the improvement in the binding energy. As expected, the differences are small but systematic and reach the maximum at R=4.8, the point of discontinuity of the two functions used in Ref. 3 . The irregularities in column 5 are of the order of 0.0001 cm:' which proves high numerical accuracy of both computations.
The dimension of the space spanned by the 279 basis functions, k(R), is also listed in the table. It shows how smoothly the singular value decomposition works. It should be kept in mind, however, that k(R) is not uniquely defined. If a larger threshold, E were used the resulting dimensions would be less than those given in the table.
When this computation was complete the author became aware of the most recent results obtained by Kofos and Rychlewski" with a 155 term basis function for 3.2 < R < 7.2 a.u. The present improvement over those results is shown in column 6. The 155 term function used in Ref. 10 contains 66 terms that are not included in our 279 term function. To estimate the accuracy of the present results these terms were added to our basis set yielding a 345 term basis and a few test computations were performed. For R = 1.4 the energy improvement amounted to 0.0017 cm-' and for R=4.8 a.u. to 0.003 cm-'. This shows that at some internuclear distances the present energies are still at least a few thousandths of a wave num.ber above the exact eigenvalues.
The wave function described above was used for the Born-Oppenheimer energy computations only. All corrections to the energy were computed with slightly less accurate functions. Both the relativistic and also the adiabatic corrections require more primitive integrals than the en- ergy computations alone. Therefore to economize somehow the computations by reducing the number of integrals the basis set was slightly confined. The decisive factor that determines the number of integrals is K,,=maxi(Yi+max(ri,s,~~,s7i)).
In the 279 term basis there are 17 terms giving K,, = 6. These terms were omitted which resulted in a 262 term basis. The energies obtained in this basis differ by thousandths of a wave number from those in Table II 
III. CORRECTIONS TO THE BORN-OPPENHEIMER ENERGY
All corrections that we will briefly describe in this section were computed in the 262 term basis described at the end of the preceding section. The relativistic, adiabatic and radiative corrections are related in this work in two ways. First, the integrals necessary for the relativistic corrections allow also the construction of the relevant matrices in the adiabatic correction computations and in the energy computations in the extended, 279 term basis. Next, the approximate radiative corrections can be computed by a method originally given by Garcia4 if one uses as input, among others, some terms encountered either in the relativistic or in the adiabatic corrections. This computation can be made more reliable' if one uses in addition the full information that one gets while computing the polarizability of the system. Therefore the polarizability was recomputed in this work. 
I The difficult part is the evaluation of e1 and e2. It is seen that the integrand in Eq. ( 14) behaves like rG* when r12 + 0 and so, because of the volume element, the region around r12 = 0 gives no contribution to the integral. Still, with the function defined by Eqs. (l)- (3), Eq. (14) leads to primitive integrals with second and third inverse powers of r12. The first and last terms of Eq. (13) produce also second inverse powers of the interelectronic distance and in these cases the integrand has a rG2 pole. Following Ref. 1 we transform such integrals by using the relation s rz2j dT= I r;i2rlzV1fd 7, r12=r2-rl,
to a form with an rG' singularity. In addition to these integrals the last term in Eq. (13) leads to integrals with rG2 in the integrand. So in order to evaluate the relativistic corrections we need, beside the integrals needed for the nonrelativistic problem, three new types of integrals. When expressed in elliptic coordinates these integrals have the form
with p = 2,3 and v being polynomials in ci,qi satisfying
and Jy= s
To reduce the dimension of the integrals the generalized Neumann expansion" is used
where q are Gegenbauer polynomials (see, e.g., Ref. 13),
and
Originally this expansion was derived for p#1/2 but it is shown in Appendix A that for p-l/2 Eq. (22) goes over into the well known (see, e.g., Ref. 14) Neumann expansion and so it can be used for all p > 0.
The integrals Eqs. ( 19) and (21) (14) are much less sensitive.
For several internuclear distances the corrections were computed additionally with L,,,=85 and it was found that the final results were affected by less than 0.001 cm-'. However for large R e2 is sensitive to the expansion length but then it is so small that it has no effect on the final result.
The computed corrections are listed in Table III . A comparison with earlier work' is made in column 3 where the differences, the present minus old results, are listed. The differences are indeed very small which shows that the corrections can be computed fairly accurately already with a not very long expansion because in Ref. 1 only 54 terms and one nonlinear parameter were used. This observation might be useful when corrections for other states will be computed.
B. Adiabatic corrections
All relevant formulas for the computation of adiabatic corrections for the hydrogen molecule are given in Ref. 1 and there is no need to repeat them here in any detail. The corrections are
where p is the reduced mass of the nuclei and the brackets denote expectation values computed with the electronic wave function. The evaluation of Ei requires the first derivatives of the electronic function with respect to the internuclear distance R. As compared with the formulas in Ref. 1 these derivatives are slightly affected by the fact that in consequence of the singular value decomposition the coefficients Ci in Eq. ( 1) are not independent. It is easiest to compute the derivatives in the orthonormal basis and then transform to the original basis. While doing so we will assume, as in most earlier work, that for the purpose of computing the derivatives -at a given R -one can treat the nonlinear parameters as constants in the neighborhood of R. This is a reasonable assumption because infinitesimal changes in the nonlinear parameters can be absorbed by infinitesimal changes of the linear parameters. This was demonstrated already in Ref. 1 for a 54 term function and when the number of terms increases the absorption becomes even more complete.
With the above assumption the basis, when expressed in elliptic coordinates, is R independent and the only R dependence of the overlap matrix comes from the volume element. The S and H matrices can now be written in the neighborhood of R: /a\ '3 s=[J so, (30) with So, To, Vs-constant matrices. If we omit the (R/2)6 factors in all matrices, the transformation to the orthonormal basis becomes R independent and the eigenvalue problem Eq. (7) now reads given in Table IV . We have also included in the table in In general the differences are smooth and very small. The column 5 the differences of the energies obtained in the 262 discontinuities at R =3.0 and R =7.2 are certainly due to and 279 term bases to support the statement that the the fact that in Ref. 10 three different wavefunctions were shorter basis is almost as accurate as the augmented one.
used for small, intermediate and large internuclear disIn column 6 we give the difference of the present total tances. The large discrepancy at R=5.6 must be due to correction (H') and the corresponding number, obtained some typographical error because the inspection of second with a less accurate function by Kolos and Rychlewski. '" differences of the total correction in Ref. 10 shows irregu- K3=3P~'u; Iv; >+(J$ pq >I. _
The parallel and perpendicular components correspond, respectively, to i=z and i=x in Eqs. (36) and (37), and in the third and fifth columns the differences of the present results and those of Ref. 16 are given. The present polarizability computations were undertaken in order to get an estimate of S-s and highest accuracy was not required. Therefore it is possible that the bases for Y' could be chosen better. However, the convergence of the polarizabilities with the expansion length in Y' is rather fast. The best results obtained in this work for R = 1.4 with 120 and 199 term expansions for Y; and Yi , respectively were aI -6.3874. Therefore we believe that the ;s;;~;;;J~fJli -aych seen in Table V 
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where p is the total momentum operator of the two electrons, (Y the fine structure constant and c the velocity of light. Unfortunately, so far no effective method exists for the evaluation of the Bethe logarithm Eq. (43) essary, the input data were interpolated to 0.4 using in the interpolation the values for the He atom as the R=O asymptotic, The computations were performed twice. In one computation all six moments for p= -3, -2,...,2 were used to yield the correction E&,. Then Sm3 was omitted and the computation repeated with the remaining five moments as input to get E:ad. Thus the effect of using Sm3 in the fit is A (S-3) It is very difficult to give an estimate of the accuracy of the corrections. However, a similar computation for the Hc ion5 when compared with the very accurate result of Bukowski et aL2 ' shows that the error in the vibrational levels due to the approximate evaluation of the radiative corrections is less than 0.003 cm-'. One can expect therefore that the present radiative corrections are accurate to about 0.01 cm-' or better and if relative positions of the levels are considered the error should be still smaller.
IV. VIBRATIONAL AND ROTATIONAL LEVELS
A. Adiabatic energies It has been found during the vibrational computations that if accuracy of better than 0.01 cm-' is required in the vibrational levels then the Born-Oppenheimer energies E(R) and their derivatives dE/dR must be computed at a fine grid. The interpolation of the unperturbed potential needed for the vibrational equation must be accurate to about 9 decimal figures and it is impossible to have such an accuracy if the input energies in the most important region ark given at intervals AR = 0.1 and 0.2. Therefore the electronic energies were computed at 670 internuclear separations in the interval 0.2 < R ( 12.0. For 0.2 < R < 0.7 the energies are far above the dissociation limit and therefore AR = 0.1 was used. In the most important region, from R=0.75 to R=6.0 -AR = 0.01 was used.
Then up to R=8 -AR = 0.02, up to R=9 -AR = 0.05 and up to R=lO-AR = 0.1. Finally for up to R=12 -AR = 0.2 was used.
The interpolation of the adiabatic, relativistic and radiative corrections creates no such problems because a five figure accuracy is sufficient. So the corrections were interpolated by cubic splines from the data given in Tables III,  IV , and VI and extrapolated to R =0 using the helium atom data. * lP5 The Born-Oppenheimer energies were interpolated by cubic polynomials fitted to the energies and their derivatives at two adjacent input points. The correc- tions were added to the unperturbed potential and the resulting corrected potential, U, was extrapolated to R,,, assuming for R > 12 : U(R) = U(12) X (12/R)6. In all computations, except the T2 isotope, R,, = 20 was used. For T2 , in order to get the u=26 level, R,, was increased to 40. This, however, had no effect on the u Q 25 T2 levels. The vibrational equation was solved numerically by. the Cooley method21 for each total angular momentum for all bound vibrational states. The computations were performed twice with integration steps h =0.005 and h =0.002 and the energies were then extrapolated to h=O assuming that the truncation error is proportional to h4. However, at this fine grid the extrapolation had a very small effect on the results. The nuclear masses for H, D and T were taken as 1836.1527, 3670.4831, and 5496.920, respectively. On output the program yielded the relativistic, adia- 
Nonadiabatic corrections
At the present time the best estimate of the nonadiabatic corrections to the vibrational-rotational levels for various isotopes is due to Schwartz and LeRoy2 whousing the existing ab initio results22 -were able to construct a scaling and extrapolation procedure that allows the direct computation of the corrections. The corrections are expressed as simple combinations of the kinetic energy, KE, the rotational quantum number, J, nuclear masses and some coefficients tabulated in Ref. 2. In this work the kinetic energy, KE, was computed for each level and the corrections evaluated exactly as described in Ref. 2. Then the corrections were added to the adiabatic results for all levels except the lowest v=J=O levels of HZ, HD and D2. For those three levels the a& initio22 results were used because we believe these results to be reliable for the lowest levels. As compared with Ref. 2 the ab initio results increase the Hz, HD and D2 dissociation energies by 0.018 cm-i, 0.008 cm-', and 0.001 cm-i, respectively.
The results for the rotationless states are given in Table  VII. Tables containing energies for all levels with J < 10 can be found in Ref. 9. The nonadiabatic corrections used in this work are different from those used by Kolos and Rychlewski" who used for all levels the a& initio results.22
Therefore to make the comparison more meaningful as far as the relativistic potential energy curves are concerned in Table VII we list AKR which gives the differences of the relativistic, adiabatic energies, i.e., energies not corrected for nonadiabatic effects.
V. COMPARISON WITH EXPERIMENT AND CONCLUSIONS
Several very accurate experimental results have been reported in the last decade. Here we will use some of them to estimate the accuracy of the present computations. The relevant results are listed in Tables VII-XV Here the agreement is definitely better for HD than for HT. It seems almost certain that the relatively poor agreement in the case of HT is due to nonadiabatic effects. In Ref. 2 the nonadiabatic corrections for heteronuclear isotopes were extrapolated from the HD data and no other data were available to fit the interpolating polynomial. It is therefore not surprising that the interpolation is less reliable. We fully agree on this point with the conclusions of Chuang and Zare" that ab initio results for the nonadiabatic corrections for HT are necessary for an accurate comparison of theoretical and experimental results,
The dissociation energies of Hz, HD and D2 are compared with experiment and Ref. 10 in Table XIV . The present dissociation energies are about 0.01 cm-' larger than those obtained by Kolos and Rychlewski" and in consequence the corresponding ionization energies are increased by the same amount. These are listed in Table XV . The agreement with experiment in the case of H2 and HD is indeed very satisfactory. Nevertheless one should keep in mind that improvement in the accuracy of the theoretical results is still possible. First, as was mentioned in Sec. II, the Born-Oppenheimer energies could still be lowered by a few thousandths of a wave number. Next, as we discussed above, the lowest order radiative corrections estimated in this work may differ slightly from the exact results. Finally, the nonadiabatic corrections are based on ab initio results22 obtained a decade ago. A more accurate computation would certainly change these corrections.
The first two sources of inaccuracies in the theoretical energies, viz. the truncation error in the BornOppenheimer energies and possible errors in the radiative corrections, can influence the comparisons in Tables XIV  and XV, but they can hardly affect Tables VIII-XIII. The improvement in the Born-Oppenheimer curve due to those two effects would certainly be smooth and most probably almost independent of R. Therefore the relative positions of the vibrational levels would be changed by negligible amounts.
The nonadiabatic corrections seem to be the most important source of errors. For homonuclear isotopes and HD the inaccuracies in the present corrections may be of the order of 0.01 cm-'. For HT and DT the inaccuracies are probably larger. Also, more accurate corrections will influence individual levels independently of each other and therefore all the comparisons in Tables VIII-XV will be affected.
In conclusion we believe-in agreement with Ref. 29-that for the refinement of the theoretical predictions new ab initio nonadiabatic corrections are needed in the first place. It would be also desirable to get the radiative corrections more accurately. However, these will have probably little effect on the overall agreement with experiment. We also haveI 038)
In consequence of Eq. (B3) only even m must be considered and so this will be assumed throughout this section.
In the following subsections we give details of the evaluation of the B and J integrals. 
make use of Eqs. (B8) and (B9) and obtain the recurrence relation To get the integral J from Eq. (B20) any numerical method can be used if Gi are given. In this work the integral was transformed with the substitution c = t-' and the resulting [O,l] interval was divided into up to N=40 intervals of equal length. Then in each interval an 8-point Gauss quadrature was used. The functions Gi were computed essentially analytically by the following procedure.
First, we define a slightly more general integral i.e., we get Since q = 1 and q(x) = 2vx, F$'=2(p+z-l)t$+,
and it suffices to find F:i to start the downward recurrence Eq. with wk being polynomials in gi;.,vi. Therefore, for p -even the only term in Eq. (Cl ) that contributes to Eq. (21) is we and for p -odd one can use Eq. (Cl ) and the expansion Eq. (22) for p-l, i.e., forp= l/2. ~m-(t'2)(cos 9) reduces to cos(m9) which makes the 9 integration trivial and L2n--1 is ex P ressed as L2n-l= i i L,,,.
( (3) I=0 m=O
Because of the denominator in Eq. (21) 
hm,jlx) = J ' fm,i(Y)dy -1 x2- 3 ' fm,iti) =exp(PIyW( 1 -Y2)mC;f_+,(1'2)CY)-
The B integrals for p= l/2 and p=O can be computed analytically34 
The .? integrals must be computed with some care because of the logarithmic singularity of the integrand. In this work the following computational scheme was developed. First, the function fm,i, Eq. (C7), was approximated by a Chebyshev expansion, i.e., hm,i was written as cc91 and then the integrals with the Chebyshev polynomials were evaluated for x > 2 by expanding the denominator in the geometric series and for 2 > x > 1 by using the Darboux formulai 
X-Y
The downward recurrence is always stable but one must start with a high n if x is very close to 1. However, in such a case the forward recurrence is also stable. Therefore for x < 1.004 we used Eq. (C 11) for increasing n. Otherwise, the downward recurrence was started at n = n,, assuming vanishing of the integral for n = nmax + 2. To avoid inaccuracies due to the logarithmic singularity in G, Eq. (C5), we split hm,i in two parts: 
In consequence the integral 7, Eq. (C4), has the general form jW = _ Lm J m @'2m [log(~--1)Gll('s)+G12(~)ld~ 1 (p-1y+' (C14) with both Gil and G12 being regular at LJ= 1. The final integration was performed independently in the [l,zc] and [zc,co ) intervals. In the latter case the transformation {= t-l was performed to make the interval finite and all integrals were evaluated by Simpson's rule; for the singular part the quadrature formula contained the appropriate weight.
In the final computations z. = 1.4 and up to 160 integration points in each interval were-used. _ _ _
